Abstract. In this study the residual algebraic free extension of a valuation on a field K to K(x) is studied. It is assumed that v is a valuation on K with rankv = 2 and the residual algebraic free extension w of v to K(x) with rankw = 3 is defined for a special case.
Introduction
Defining all extensions of a valuation v on a field K to K(x 1 , ..., x n ) is an old and important problem. Residual transcendental extensions of v to K(x) were described in [1] [2] . All extensions of v to K(x) were classified in [3] . The composite of valuations and certain extensions of them were studied in [5] [6] .
In this paper it is aimed to define a new kind residual algebraic free extension w of v to K(x), where v is a composite valuation v = v 1 • v 2 with rankv = 2.
Preliminaries
Throughout this paper K is a field, v is a valuation on K, It is said that two valuations v, v on a field K are equivalent if they have the same valuation ring i.e.
The set of all valuations of K which are inequivalent in pairs will be denoted by V(K) as in [4] .
is an ordered set with respect to this relation by [4] . v ≤ v if and only if there exists a group homomorphism s : G v → G v such that v = sv then one has: ϕ v (v ) = Kers. The homomorphism s is an onto mapping and it is uniquely defined in [4] .
If v ∈ V(K), G is an ordered group and s : G v → G is an onto homomorphism of ordered groups then v = sv is a valuation on K such that G v = G and v ≤ v from [4] . Let L/K be an arbitrary field extension, v be a valuation on K and w be a valuation on L. It is said that w is an extension of v to L or v is the restriction of w to K if w (t) = v (t) for every t ∈ K. Then O r(w) = O w ∩ K = O v is satisfied from [4] .
Let w be an extension of v to K(x). w is called residual transcendental (r.t.) extension of v if k w /k v is a transcendental extension. If w is a r.t. extension of v to K(x) then there exists a minimal pair (a, δ) ∈ K × Gv with respect to K where a is seperable over K. Let f = Irr(a, K) be a minimal polynomial of a respect to K and γ = w( f ). Let
Let e be the smallest non-zero positive integer such that eγ ∈ G v a , where v a is the restriction ofv to K(a).
e /h is an element of O w of the smallest order such that r * ∈ k w is transcendental over k v . Thus the field k v a can be identified cannonically with the algebraic closure of k v in k w and k w = k v a (r * ) from [2] . w is called residual algebraic (r.a.) extension of v if k w /k v is an algebraic extension. w/v is called residual algebraic torsion (r.a.t) extension if w/v r.a. extension and G w /G v is a torsion group. In this case G v ⊆ G w ⊆ Gv is satisfied according to [3] .
If w is a r.a. extension of v to K(x) and G w /G v is not a torsion group then w is called a residual algebraic free (r.a.f.) extension of v. If w is a r.a.f. extension of v to K(x) then rankw = rankv + 1 and w = w 1 • w 2 where w 1 is a valuation of K(x) and w 2 is a valuation of k w 1 . If w 1 is trivial on K then it is defined by a monic irreducible polynomial f ∈ K [x] or w 1 is the valuation at infinity. k w 1 = K(a) where a is the suitable root of f or k w 1 = K if w 1 is the valuation at infinity. Then w is defined for each polynomial
where v 1 is an extension of v to k w 1 = K(a) and QxGv is ordered lexicographically from [3] . If w 1 is the r.t extension of v to K(x) then k w 1 has a valuation w 2 which is trivial on k v . Hence w 1 is defined by a minimal pair (a, δ) ∈ KxGv. Since w 2 is trivial over k v a then it is defined by an irreducible
where G v xQ is ordered lexicographically, k w = k v b where b is a suitable root of from [3] .
Results
Let v = v 1 • v 2 be a valuation on K such that rankv = 2. Then v v 1 and there exists a group homomorphism s :
Here v 1 is a valuation on K and v 2 is a valuation on k v . According to the general theory of composite valuations, there exists the exact sequence of groups:
where ρ and s are defined in a canonical way from [4] .
We want to define a new kind extension w of v to K(x) such that rankw = 3. Since rankw = 3 then w = w 1 • w 2 • w 3 is composite of valuations w 1 , w 2 and w 3 here rankw 1 = rankw 2 = rankw 3 = 1. In this case there are different posibilities: Since O r(w) = O w ∩ K = O v where r is the restriction map; r : 
then w 2 is a r.t. extension of v 2 to k w 1 . In this case w 1 • w 2 is a r.t. extension of v = v 1 • v 2 and this kind extensions are defined in [7] .
and it can be obtained by using the definitions given in [3] and [7] .
If O w 2 ∩ k v 1 = k v 1 then w 2 is trivial over k v 1 and k w 2 is an algebraic extension of k v 1 . In this case w 3 is an extension of v 1 to k w 2 . This kind extension was not defined before and it can not be obtained by using the extensions known before. Using the above investigations it can be given the following theorem for the existence of the extension of v as desired: i is an one to one group homomorphism. Then G v 1 is isomorphic to a subgroup of G w 1 × Q. There exists an onto homomorphism of ordered groups; z 1 : G w → G w 1 × Q, so u 1 = z 1 w is a residual algebraic free extension of first kind of v 1 to K(x) with value group G u 1 G w 1 × Q according to [6] . u 1 = w 1 • w 2 and the residue field of u 1 is an algebraic extension of k v 1 . Similarly, define i : (c, 0, 0) for each c ∈ G v 1 , here w 3 is an extension of v 2 to k u 1 . There exists an onto homomorphism of ordered groups z 2 : G u 1 G w 1 × Q → G w 1 , then it can be defined an onto homomorphism of ordered groups z : G w → G w 1 satisfying z = z 2 z 1 . Therefore w, u 1 , w 1 ∈ V(K(x)) such that z 1 w = u 1 , z 2 u 1 = w 1 , zw = w 1 and w u 1 w 1 . Moreover according the theory of composite valuations there exists the exact sequence of groups;
where ρ 1 , ρ 2 , z 1 , z 2 are defined in a canonical way.
Definition of w
In this section we will obtain the all kind r.a.f. extensions of the valuation v = v 1 •v 2 on K to K(x) as desired. Firstly; we can assume that K is an algebraic closed field. Let v = v 1 • v 2 be a valuation on K with rankv = 2 and a ∈ K. Each polynomial F ∈ K[x] is uniquely written as:
n , where a 0 , a 1 , ..., a n ∈ K. Denote w 1 (x − a) = d and p w 1 (
If k is a positive integer satisfying the equality;
Then it is obtained that; p w 2 (
and so; w 3 (p w 2 (
). Using the above conclusions for each
is obtained. Now, let (K, v) be an arbitrary valued field, K be its algebraic closure, v be a fixed extension of v to K. If w is an extension of v to K(x) then denote w the common extension of v and w to K(x). Since w 1 is a r.t. extension of v 1 and w 2 is trivial over k v 1 then w 1 is defined by a minimal pair (a, δ) ∈K × Gv 1 , k w 1 = k v 1 (r * ), where k v 1 is a finite extension of k v 1 , r * = Y is transcendental over k v 1 and w 2 is defined by an irreducible polynomial G ∈ k v 1 [Y] or is the valuation at infinity. Let ∈ K[x] be the lifting polynomial of G Y. Each polynomial F ∈ K[x] is uniquely written as;
, where u 1 ( ) = (w 1 ( ), 1), k is the positive integer satisfying that equality. The equalities w 2 (p w 1 (
Then we have;
Therefore;
where
is uniquely written as; 
Theorem 3.2:
Let v = v 1 • v 2 be a valuation on K with rankv = 2 and let w = w 1 • w 2 • w 3 be an extension of v to K(x) such that rankw 3 and w 2 is trivial over the residue field k v 1 of v 1 . Then w is equal to one of the valuations defined in this section.
Proof:
The proof is obtained using the above considerations.
